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Abstract. It is well-known that a Kleinian group is amenable if and only if 
it is elementary. We establish an analogous property for equivalence relations 
and foliations with Gromov hyperbolic leaves: they are amenable if and only if 
they are elementary in the sense that one can assign (in a measurable way) to 
any leaf a finite subset of its hyperbolic boundary (as in the group case, such 
subsets cannot actually contain more than 2 points). The analogous result 
for actions of word hyperbolic groups with a quasi-invariant measure is that 
such an action is amenable if and only if it factorizes through the hyperbolic 
boundary or its symmetric square. 

A byproduct of our approach is a proof of boundary amenability for isom- 
etry groups of Gromov hyperbolic spaces under the assumption that either the 
space is exponentially bounded or it is CAT(— 1) and the group has a finite crit- 
ical exponent. We also give examples showing that without these assumptions 
the boundary amenability may fail. 



Introduction 

The class of amenable groups is, from the analytical point of view, the most 
natural generalization of the class of compact groups. Amenable groups are those 
which admit an invariant mean (rather than an invariant probability measure, 
which is the case for compact groups). There are many different equivalent defini- 
tions of amenability. Probably, the most constructive definition (used for verifying 
amenability of a given group) is the one formulated in terms of existence of ap- 
proximatively invariant sequences of probability measures on the group {Reiter's 
condition), whereas one of the main applications of amenability is the fixed point 
property for afRne actions of amenable groups on compact spaces. 
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It turns out that non-amenable groups may still have actions which look like 
actions of amenable groups. This observation led Zimmer |Zim77j . |Zim78| to 
introduce the notion of an amenable action. In the same way as with groups, there 
are several definitions of an amenable action. In particular, amenable actions can 
be characterized both in terms of a fixed point property (this was the original 
definition of Zimmer) and in terms of existence of a sequence of approximatively 
equivariant maps from the action space to the space of probability measures on the 
group (this is an analogue of Reiter's condition). Yet another generalization is the 
notion of amenability for equivalence relations and foliations. Actually, all these 
objects can be considered as measured groupoids, and the notion of amenability in 
each particular case is a specialization of a general notion of an amenable groupoid, 
see |ADRnn| . |C:HLT02| . 

It is well-known that a Kleinian group is amenable if and only if it is elementary. 
We establish an analogous property for equivalence relations and foliations with 
Gromov hyperbolic leaves: under a suitable bounded geometry condition they are 
amenable if and only if they are elementary in the sense that one can assign (in 
a measurable way) to any leaf a finite subset of its hyperbolic boundary (actually, 
such subsets cannot consist of more than 2 points). As particular cases it contains 
and generalizes earlier results on amenability of boundary actions of isometry groups 
of hyperbolic spaces and on amenability of the stable foliation of the geodesic flow. 

The main geometric ingredients of our approach — (i) boundary convergence 
of geodesies in hyperbolic spaces (in various guises), and (ii) the notion of the 
barycenter for hyperbolic spaces — are well-known and have been used before (e.g., 
see |Ada96| . |BM96| 1. However, working with hyperbolic equivalence relations 
requires developing a new technique (based on the notion of a measurable bundle 
of Banach spaces) which allows one to deal with measurable systems of (possibly 
different) leafwise hyperbolic boundaries. Another technical novelty in this paper is 
the use of simple explicit constructions of approximatively invariant sequences of 
measures as Cesaro averages for sandwiched sequences of sets with subexponential 
growth (Theorem 11.331 and Lemma ll.35|l and Cesaro averages of pre-Patterson 
measures along geodesies (Theorem II. 38|l . 

The paper has the following structure. In Section ^ we collect the geometric 
properties of Gromov hyperbolic spaces used in the sequel. These are Proposi- 
tion ^3] on boundary convergence of geodesic rays. Proposition II . l5l on existence 
of (quasi)-barycenter sets and Theorems II .331 ll .381 on existence of approximatively 
invariant boundary maps. 

The main technical tool used to ensure measurability of leafwise application of 
these constructions in the setup of graphed equivalence relations with hyperbolic 
leaves is the measurable Banach bundle of leafwise functions with a continuous 
boundary extension ('Section l2.1() . By using this bundle we define measurable sys- 
tems of boundary measures and show that a hyperbolic equivalence relation admits 
an invariant boundary system of probability measures if and only if it is elementary 
fTheorem l2.22f) . Further we establish an analogous result for measurable foliations 
fTheorem l2.31|) by reducing them to equivalence relations. 

We begin Section O with illustrating the key geometric ingredients of the re- 
lationship between amenability and hyperbolicity, namely, boundary convergence 
of geodesies and existence of quasi-barycenter sets, on the example of coincidence 
of the class of amenable groups of isometrics of Gromov hyperbolic spaces with 
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the class of elementary groups (under suitable bounded geometry type conditions). 
Further we proceed to establish analogues of this result for equivalence relations, 
foliations and actions fTheorem l3.4l Theorem 13 . 91 and Theorem 13. 141 respectively) 
by taking stock of the results from the previous sections and following precisely 
the same scheme: amenability by the fixed point property implies existence of an 
invariant system of boundary measures, and therefore elementarily, whereas ele- 
mentarily leads to existence of approximatively invariant sequences of probability 
measures, i.e., to amenability. As a byproduct we give a proof of the topological 
amenability of the boundary action of the group of isometrics of a hyperbolic space 
under the assumption that either the space is exponentially bounded or the space 
is CAT(— 1) and the group has a finite critical exponent fTheorem 13 . 1 51 and Theo- 
rem Finally, we give examples showing that without these assumptions the 
boundary amenability (even in the weakest form) may well fail. 

1. Asymptotic geometry of hyperbolic spaces 

1.1. Hyperbolic spaces. A detailed discussion of the notion of (5-hyperboli- 
city and of the associated structures can be found in the seminal work of Gromov 
|Gro87j and in the notes GdlH90_ . Below are listed some of the definitions and 
properties used later on. 

We shall choose the definition based on the Rips condition: a non-compact 
complete proper geodesic metric space X is 5 -hyperbolic (with 5 > 0) if each of 
the sides of any geodesic triangle is contained in the ^-neighbourhood of the union 
of the other two sides (see, for instance, (GdlH90i Proposition 2.21] for a list 
of other equivalent definitions). The minimal number 5 with this property is the 
hyperbolicity constant oi X. A graph is called 5-hyperbolic if the associated 1- 
complex with length 1 edges is ^-hyperbolic. Usually, we shall not be concerned 
with the precise value of the hyperbolicity constant, and call the above spaces just 
hyperbolic. 

For the rest of this Section we shall fix a hyperbolic space X with metric d and 
the hyperbolicity constant 5. Denote by 

{y\z)x = ^ [d{x, y) + d{x, z) - d{y, z)] , x,y,z e X 

the Gromov product on X. Then by |GdlH90l Lemme 2.17 and Proposition 2.21] 
for any geodesic segment [y, z] joining the points y and z 

(1.1) d{x, [y, z]) - 4<5 < (y|z), < d{x, [y, z]) . 

The functions on X x X 



(1-2) ex(2/,z) 




otherwise , 



determine a uniform structure "at infinity" on the space X (which does not depend 
on the choice of the point x) . The completion X oi X with respect to this uniform 
structure is called the hyperbolic compactification of X. Its boundary is denoted by 
dX = X \ X. The action of the group of isometrics Iso(A') extends from X to a 
continuous action on dX. 

Any geodesic ray ^ converges in the hyperbolic compactification to a bound- 
ary point ^(oo) S dX. The definition of i5-hyperbolicity is easily seen to imply 
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the following property (which is, for instance, essentially contained in jGdlHQOl 
Proposition 7.2]): 

Proposition 1.3. There exists a constant Ci — Ci{5) with the property that for 
any 6-hyperbolic space X and any two geodesic rays ^1,^2 w X with ^i(oo) = ^2(00) 
there is a number T = T(^i,^2) such that \T\ < rf(Ci(0), ^2(0)) and 

di^i{t),ait + T))<C, V<>d(ei(0),6(0)) . 

Although the functions Qx (|1.2() do not, in general, satisfy the triangle inequal- 
ity, they are "almost" metrics. Namely, for a = the inner metric 

(1.4) Px{y,z) = inf |^[g:r(a;i-i,a::i)]'' : n > 1 , y = xo,xi, . . . ,Xn = z ^ 
determined by the function g"^ satisfies the inequality 
(1-5) \{q.T < p. < (e.)" 

(this is an adaptation of jWoeOOl Proposition 22.8]). So, the hyperbolic compact- 
ification X is the completion of X with respect to any of the metrics px ■ 

Notation. Below we shall use the notation B{o,r) (resp., S{o,r)) for the r- 
ball (resp., the r-sphere) in X of the hyperbolic metric d around a point o G X, 
and Bx{o,r) (resp., Sx{o,r)) for the r-ball (resp., the r-sphere) in X of the metric 
Px around a point o ^ X. We denote the space of probability measures on a 
topological space X by 'P(X), and the normalized restriction of a measure m to a 
positive measure set A by niA- 

1.2. The barycenter set of a boundary measure. Denote by 

(1.6) [}z{x,y) = d{y,z) - d{x,z) ^ d{x,y) ~2{y\z)x x,y e X 

the distance cocycle associated with a point z Cz X. The triangle inequality for the 
metric d and formula H1.5|l imply 

Proposition 1.7. For any x,y,z G X the distance cocycle satisfies the in- 
equalities 

\f3z{x,y)\ < d{x,y) , 

and [assuming y ^ z) 

2 2 

d{x,y) + - log px{y,z) < f3z{x,y) < d{x,y) + - log px{y, z) + C2 , 
a a 

where 

C2=C2{S) = ^^ = {30log2)S . 
a 

Corollary 1.8. For any 7 e dX and x,y e X 

limsup/32(x, y) — liminf /32(a;, y) < C2 . 

Put 

l3-y{x,y) limsup l3z{x,y) x,y & X, j e dX . 

z^-f 

As it follows from (|1.()|) . the functions (3^ are Lipschitz with respect to each of the 
arguments. Although are not, generally speaking, cocycles, they still satisfy 
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the cocycle identity with a uniformly bounded error (i.e., they are quasi- cocycles). 
More precisely, Proposition 1 1 . 71 and Corollary 11.81 imply 

Proposition 1.9. For any j G dX the function f3^ has the following properties: 

(i) (3^ is "jointly Lipschitz", i.e., \P^{x,y)\ < d{x,y) for all x,y G X, in 
particular, (3^{x,x) = ; 

(ii) < P^{x, y) + P^{y, x) < C2 for all x,y e X ; 

(iii) < ]3^{x,y) + ]3.^{y,z) + ^.^{z,x) < 2C2 for all x,y,z e X . 

Remark 1.10. Our definition of is diff'erent from the definition of the "Buse- 
mann function" in GdlH90 , Chapitre 8] (where the point z was allowed to converge 
to 7 along geodesic rays only). 

For any probability measure A € P{dX) put 

I3\{x,y) = / P {x,y)dX{'y) . 



The Lipschitz property of the functions implies that B\ are also Lipschitz with 
respect to each of the arguments. Moreover, as it follows from Proposition 11.91 
the functions Bx are jointly Lipschitz, and they are quasi-cocycles with the same 
constants as in Proposition ll.9l In particular, 

(1.11) \Bx{x,y)~Bxix',y)-Bxix,x')\<3C2 V x,x' ,y e X, X e P{dX) . 

Proposition 1.12. If a sequence of probability measures A„ G V{X) is con- 
vergent in the weak* topology to a measure A G V{X), then 

Bx{x,y) -liui sup / (3^{x,y) d\n{z) 



< C2 yx,yex. 

Proof. As it follows from Proposition 11.71 \i x ^ y then both terms in the 
left-hand side belong to the interval 

d{x,y) + - I log px{y,i)d\{-i), d{x,y) + - [ log p x{y, 1) d\{-i) + C2 



□ 

Proposition 1.13. If a measure A G VidX) does not have atoms of weight at 
least - , then for any x G X 

lim6A(a;, y) — 00 

V 

i/y — > 00 in the space X (i.e., d{x,y) -~* 00). 

Proof. Without loss of generality we may assume that y 70 G dX. Choose 

£ > in such a way that Ai?a;(7o,e) < — , and, by using the inequalities from 

Proposition^^! (which are satisfied for the functions (3^ as well), estimate (3^{x,y) 
from below as 



P^{x,y) > 



-d{x,y) , 7 G Bj;(7o,e) , 

d{x,y) + |logp^(y,7) , 7 G dX\ 3^(^0,6) . 

Since y — > 70, we may assume that px{y,j) > s/2 for any 7 G dX \ _B:r(7o,e), 
whence integrating the above estimate yields the claim. □ 
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Remark 1.14. If A" is a CAT(— 1) space, then all functions [3^ and B\ are 
actually cocycles, so that under conditions of Proposition lTTTSl thc function B\{x, •) 
attains its minimum on a compact subset of X (the barycenter set of A) which does 
not depend on the choice of the point a; e ;f, see DE86) . (BC(?96) . |BM96| . 
Due to the usual technical complications connected with replacing the CAT(— 1) 
property with (5-hyperbolicity, this is no longer true for a general (5-hyperbolic space, 
which is why we have to "quasify" the definition of the barycenter set. 

Definition 1.15. Given a number r > the set 

C(A, x,r) = < y £ X : Bx{x,y) < r + inf Bx{x, z) > 

is called the quasi-bary center set of the measure A G V{dX) with respect to the 
point X E X. 

Inequality (|1.11|) and Proposition^^] imply 

Proposition 1.16. // a measure A £ V{dX) does not have atoms of weight 
at least —, then the infimum in Detinition \1.15\ is finite, the quasi-barycenter set 
C(A, X, r) is compact for any x € X and r > 0, and 

C{X,x,r) cC{X,x',r + 6C2) \fx,x'£X. 
Definition 1.17. We shaU caU the closure 

C(A,r)= y C(A,x,r) , 

xex 

the quasi-barycenter set of the measure A € V{dX). 

Proposition II .161 then implies (cf. |Ada96l Proposition 5.1]): 

Proposition 1.18. If a measure A G V{dX) does not have atoms of weight at 

least — , then for any r > the quasi-barycenter set C(A, r) is compact, and the map 

A ^ C(A, r) is lso{X) -equivariant. 

1.3. Bounded geometry conditions. Below we shall use several bounded 
geometry type conditions on a metric space X. 

Definition 1.19. We say that a Radon measure to on a metric space X is 
(r I, r 2) -tempered (with < ri < r2 < 00) if for any r G [7'i,7'2] the measures of 
closed r-balls in X are uniformly bounded from above and bounded away from 0, 
i.e., there exist constants < C_{r) < C{r) < 00, r G [ri,r2] such that 

C{r) < mB{x, r) < C{r) ^x e X . 

A measure is tempered if it is (r, oo)-tempered for a certain r. A metric space X is 
tempered if it carries an Iso(A')-invariant tempered measure. 

Definition 1.20 (cf. |Ada96p . A metric space X is exponentially p-bounded 
(with p > 0) if there exists a constant a = a{p) such that, for every x £ X and every 
r > 0, the ball B{x, r) in X can contain at most pairwise disjoint balls of radius 
p. We shall say that X is exponentially bounded if it is exponentially p-bounded for 
a certain p. 
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Remark 1.21. Our terminology differs from that of jAda96| . What we call 
"exponentially bounded" is "at most exponential" in Ad a96| . 

Theorem 1.22. A proper geodesic metric space X is exponentially bounded if 
and only if it is tempered. 

The proof consists in checking two following easy claims. 

Proposition 1.23. // a geodesic metric space X carries a (r^^r 2) -tempered 
measure with r2/ri > 3, then it is exponentially ri -bounded. 

Proof. For simplicity put p = ri and e = r2 — 3ri. For any r > p let A^^ 
be the supremum (over x G X) of cardinalities of disjoint systems of p-balls in the 
balls B{x,r). We shall show that the growth of iV^ is at most exponential. 

Let {xi}^i be a maximal system of points in the ball B{x,r) such that the 
balls B{xi,p) are pairwise disjoint. Since this system is maximal, for any point 
x' € B{x,r — p) there is a point Xi with d(x',Xi) < 2p, which means that 2p-balls 
centered at the points Xi cover the ball B{x,r — p), and, therefore, r2-balls centered 
at Xi cover the ball B{x, r + e) for any e > 0. Thus, 

mB{x,r-\- s) < NC{r2) < NrC{r2) . 

On the other hand, the cardinality of any disjoint system of p-balls in B{x, r+e) 
obviously does not exceed the ratio mB{x,r + e)/C_{p), whence 

Nr+e ^ C{r2l 

Nr - Qin) ' 

which implies the claim. □ 

Proposition 1.24 (cf. |Ada96l Section 6.2]). If a geodesic metric space X is 
exponentially p-hounded, then it carries a {Qp^ 00) -tempered measure. Moreover, if 
X is proper, then such a measure can be chosen to be lso{X) -invariant. 

Proof. Without the requirement of Iso(A:')-invariance the measure in question 
can be easily taken to be, for instance, the sum of (5-measures on a maximal 3p- 
separated system of points in X. However, in order to obtain an Iso(A')-invariant 
measure a little bit more work has to be done. 

Since the space X is proper, the group lso{X) is locally compact with respect 
to the pointwise convergence topology. For any orbit O = lso{X)o, E X, choose 
the left-invariant Haar measure mo on lso{X) normalized by the condition 

(1.25) mo{.g :d(o,. go) <6p} = l , 

and denote by ruQ the image of mo under the map g ^ go. Obviously, the measure 
mo is Iso(A:')-invariant, it does not depend on the choice of the point o from the 
orbit O, and 

moB{x,6p)^l VxeO. 

Now take a maximal system of Iso(A')-orbits Oi in X with the property that 
the pairwise distances between different orbits from this system are at least 3/5. 
The measure m = mo^ is clearly Iso(A')-invariant. We claim that it is (9p, 00)- 
tempered. 
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First of all, since the system {Oi} is maximal, any point x ^ X lies within the 
distance ip from at least one of the orbits Oi. Therefore, the ball B{x, 9p) contains 
a 6p-ball centered at a point x' G Oi, so that 

■mB{x,9p) > ■mOiB{x',6p) > 1 

by the definition of the measures mQ. . 

In order to obtain an upper estimate for the measures mB{x,r) first notice 
that the exponential p-boundedness of the space X implies that the ball B{x,r) 
can be covered by at most e"'' balls B{xi,3p) (see the beginning of the proof of 
Proposition ^21. Thus, for any Iso(A')-orbit O the intersection B{x,r) n O can be 
covered by at most e'"" balls of radius 6p centered at points from O. Therefore, 

(1.26) moB{x,r) Ke"'' . 

It remains to notice that the ball B{x,r) can only intersect a uniformly bounded 
number of orbits Oi. Indeed, choose a point Xi on each orbit Oi intersecting B{x, r). 
Then the pairwise distances between the points Xi are at least 3p by the definition 
of the system {Oi}. Therefore, the p-balls centered at the points Xi are all pairwise 
disjoint and contained in B{x,r + p), so that by the exponential /O-boundedness of 
the space X the number of these balls (and therefore of the orbits Oi intersecting 
B{x,r)) does not exceed e''^''"'"''-* . Combining this estimate with the inequality (|1.26|) 
gives 

mB{x,r) < e"(2'-+rt . 

□ 

Another bounded geometry type condition which can be imposed on a group 
of isometrics of a metric space is that of finiteness of the critical exponent. 

Definition 1.27 (fBM96 ). Given a positive Radon measure to on a metric 
space X, the number (possibly infinite!) 

(1.28) <5cr(m) = inf I (5 >0: J e'^'^^"''"'' dm{x) < oo^ 

is independent of the choice of the reference point a E X, and is called the critical 
exponent of the measure m. The critical exponent (Scr(G) of a closed subgroup 
G C Iso(A') is by definition the critical exponent of a positive G-invariant measure 
supported on a G-orbit in X. Equivalently, for any two points o,x E X 

5„(G) = inf |j > : J e-*''(°'f=^) dm(.g) < ooj , 

where m is a left-invariant Haar measure on G. 

Generally speaking, finiteness of the critical exponent of the group lso{X) does 
not imply exponential boundedness of the space X, because the orbits of lso{X) 
may be "too small" to provide any information about the whole space X. However, 
the converse implication is easily seen to be true: 

Proposition 1.29. // the space X is exponentially bounded, then the critical 
exponent of any closed subgroup G C Iso(A') is finite. 



BOUNDARY AMENABILITY OF HYPERBOLIC SPACES 



9 



Proof. Fix a G-invariant measure m on the G-orbit of a reference point o G A". 
By changing variables the integral p. 28(1 from the definition of the critical exponent 
can be presented as 



(1.30) 



X Jo ^ ' 



oo 



mB{o, r) e dr 



Since exponential boundedness of X implies that mB(o, r) is dominated by an 
exponential function of r (cf. the proof of Proposition II . 241) . the integral H1.30|l is 
finite if 6 is big enough. □ 

Remark 1.31. In fact, it would be sufficient to look just at the full group 
Iso(A'), because for any closed subgroup its critical exponent does not exceed that 
of the group lso{X), see |BM96I Lemma 1.5]. 

Remark 1.32. If the group Iso(A') acts on X cocompactly, then X is easily 
seen to be exponentially bounded (because the exponential rate of growth of the 
locally compact group Iso(A') is finite), which by ProDOsition ll.29l implies finiteness 
of the critical exponent of Iso(A') (cf. |BM96I Proposition 1.7]). 

1.4. Boundary maps. 

Theorem 1.33. For any exponentially bounded hyperbolic space X there exists 
a sequence of lso{X)- equivariant Borel maps A„ : A" x dX —>■ V{X) such that 

(1.34) ||A„(x,7) - A„(x',7)|| ^0 W x,x' e X, e dX . 

For proving Theorem II . 331 we shall need the following simple inequality: 

Lemma 1.35. Let {Zk}'^^, {Z'l^}'^^ be two increasing sequences of measurable 
sets of finite positive measure in a measure space {X , m) such that for a certain 
integer r > 

(1.36) ZfcC^I.+, , Z',,cZk+r Vfc>l, 

and let 

^ n 1 

fc=i fe=i 
be the Cesaro averages of the sequences {mz^}, {mz'^}, respectively. Then 

mZi 



IA„-A'||<^ + fc^ 



n 



1 - 



mZ. 



n-\-T 



Vn > T 



Proof. First notice that for any k > t 

mz, -mz'\\=2[\ < 2 1 — 

and the same inequality holds for \\mZk-T ^ ""^z^ ||, so that 

l|mz.-m^J|<4fl-^^) Vfc>r. 
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Then 

iia„-a:ji<-eii-..--.ji<- + - E ['-^^ 

fe=l k=T+l ^ ^ 



2t 4(?i - r) 
< — + ^ 



n n 

whence the claim. □ 



^ ( -Q mZk-T 



\k—T+l 



Corollary 1.37. If in Lemma \l.S5\ the growth of the sets Z„ with respect to 
the measure m is subexponential, i.e., (mZ„)"'^^" 1, then ||A„ — \'^\\ 0. 

Proof of Theorem I1.H3L Given points a; G ^, 7 £ dX and positive integers 
n > k > 1 put 

Y{x, 7, n, /c) = {^(n) : ^ G 7^, d{x, ^(0)) < fc, C(oo) = 7} , 

where 7^ is the set of ah geodesic rays in X. We shall fix a (r, cxd) -tempered Iso(A')- 
invariant measure m on X provided by Theorem ll.221 and denote by Z{x,"f,n,k) 
the closed r-neighbourhood of Y{x, 7, n, k). 

As it follows from Proposition 11.31 for any ray 77 joining x and 7 the set 
Z{x, 7, n, k) is contained in the closed (Ci + r)-neighbourhood of the geodesic seg- 
ment r]{[n — k,n + k]). Therefore, since the measure m is (r, oo)-tempered, the 
values mZ(x, 7, n, k) are bounded away from and uniformly bounded from above 
by an affine function of k. 

For any r > d{x,x') the finite sequences of sets 

{Z{x,'j,n,k)}l^^ and {Z{x' ,-f,n,k)}2^^ 
are r-sandwiched in the sense of formula H1.36|l . whence, by putting 



1 



k=l 

and applying Lemma 1 1.3 51 we obtain the claim. □ 

Theorem 1.38. If G is a closed group of isometrics of a CAT(— 1) space X 
with finite critical exponent, then there exists a sequence of G-equivariant Borel 
maps Xn : X X dX —^ T'{X) such that 

(1.39) ||A„(x,7) - A„(x',7)|| ^0 W x,x' & X, e dX . 

Proof. Let us fix a number 6 > 5cr, a reference point ^ X and a G-invariant 
Radon measure m on the orbit Go. For any x £ X denote by — probability 
measure on the orbit Go with the density 



e-^'^^'^^y^dmiy) 

with respect to the measure m. We shall call the measures Vx pre-Patterson as 
their limits when S tends to the critical exponent 6cr provide the famous Patterson 
measures on the boundary dX, see Pat 76 , B M96] . Obviously, the map x 1-^ i/x 
is G-equivariant. This fact, together with the local Lipschitz continuity of the 
map X t-^ Vx and boundary convergence of geodesies (guaranteed by the CAT(— 1) 
condition) yields the proof. 



BOUNDARY AMENABILITY OF HYPERBOLIC SPACES 



11 



Since for any x,x' ,y € X 

x,u '^ p-Sd(x',y) 
^ — od\x,x ) ^ ^ ^odi^x.x ) 

— g-5d{x,y) — ' 

the definition of the pre-Patterson measures impUes that 

(1.40) \Wx-^x'\\ <SSdix,x') 

provided d{x,x') is small enough. 
Now put 

1 r 

" Jo 

where ^ is the geodesic ray joining x and 7. By the CAT(— 1) property for any 
other point x' ^ X 

dm,^'{t+T)) 0, 

t — 

where is the geodesic ray joining x' and 7, and T is the value of the Busemann co- 
cycle P-yix, x') (see Remark ll.l4|l . which in combination with formula (|1.4(J|) implies 
the claim. □ 

Remark 1.41. It can be easily seen from the proofs of Theorem 11.331 and 
Theorem 11.381 that for any compact subset K C X the convergence in formulas 
H1.34|l and H1.39|l . respectively, is uniform on K x K x dX. 

2. Hyperbolic equivalence relations 

2.1. Graphed equivalence relations. We begin with recalling the basic no- 
tions of the theory of discrete equivalence relations, see |FM77| . Let X be a stan- 
dard Borel space. An equivalence relation i? on X is called standard if it is a 
Borel subset oi X x X, and it is called countable if the equivalence class (the leaf) 
[x] — R{x) ~ {y : {x, y) G R} of any point x £ X is at most countable. A standard 
countable equivalence relation is also called discrete. 

Proposition 2.1 (cf. [FMTTI proof of Theorem 1]). For any discrete equiv- 
alence relation R with infinite equivalence classes there exists a sequence {an}^=i 
of measurable maps an ■ X ~> X such that their graphs are pairwise disjoint and 
their union is R. In other words, for any x £ X the sequence an{x) determines an 
ordering of the class [x] , and these orderings depend on x measurably. 

A standard equivalence relation R is called non-singular with respect to a Borel 
probability measure /i on X (or, equivalently, the measure /x is quasi-invariant with 
respect to R) if for any subset A C X with ii{A) = its saturation [A\ = U^gaN 
also has measure 0. A non-singular equivalence relation (X, /x, R) is ergodic if there 
are no non-trivial saturated sets, it is conservative if all ergodic components are 
uncountable, and it is dissipative (or of type I) if any ergodic component consists of a 
single equivalence class, or, equivalently, there exists a leafwise constant measurable 
map ip : X X with (x, ip{x)) £ R for a.e. x € X. In particular, dissipative ergodic 
equivalence relations are precisely those which consist of a single class. Any non- 
singular equivalence relation can be uniquely decomposed into a disjoint union of 
its conservative and dissipative parts. 

Integrating the counting measures on the fibres of the left (x, y) t-^ x and 
the right (x, y) ^ y projections from R onto X by the measure /i gives the left 
dM{x,y) = dii{x) and the right dM{x,y) = dM{y,x) = dfj,{y) counting measures 
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on R, respectively. The measures M and M are equivalent iff /i is quasi-invariant. 
If M = M, then the measure /i is called i?-invariant. 

A (non-oriented) graph structure on an equivalence relation (X,fi,R) is deter- 
mined by a measurable subset K C R which is symmetric and does not intersect 
the diagonal {{x,x)} C R. Two points x,y d X are then joined with an edge 
iff {x,y) G K. We shall call {X, ii, R, K) a graphed equivalence relation jAda90) . 
Denote by [x]k the equivalence class [x] endowed with the graph structure K. 

Definition 2.2. A graphed equivalence relation {X, n, R, K) is hyperbolic if 
a.e. leafwise graph [x]k is a hyperbolic graph (i.e., is Gromov hyperbolic with re- 
spect to the graph metric assigning length 1 to all edges). By [x]j^ and 9[a;]_R- we 
denote the hyperbolic compactification of the graph [x]k and its boundary, respec- 
tively. As usual, C([x]^) denotes the space of continuous real valued functions on 
[x]i^. Below we shall always deal with a fixed graph structure K and usually omit 
the corresponding subscript. 

Remark 2.3. The function assigning to any point x G X the hyperbolicity 
constant of the graph [x] is easily seen to be measurable (because the hyperbolicity 
constant is defined in terms of geodesic triangles in [x]). Being leafwise constant, 
this function must therefore be constant on the ergodic components of R. 

Examples of hyperbolic equivalence relations include, in particular, 

(1) the leafwise Cayley graphs of a free action of a word hyperbolic group, see 
Example 12.161 for more details; 

(2) equivalence relations on transversals to hyperbolic foliations, see below 
Section ITBl 

(3) treed equivalence relations (for which a.e. leafwise graph is a tree), see 
|Ada90| : 

(4) equivalence relations associated with certain fractal sets, see |Kai02| . 

In all these examples the hyperbolic boundaries of different equivalence classes 
can be naturally identified with (a subspace of) the same topological space (see 
the discussion of these examples at the end of Section . However, there is no 
reason for this to be the case in general (it would be interesting to have an explicit 
example of this kind), which is why we shall need a technique allowing one to deal 
with the general situation. 

2.2. The bundle of leafwise continuous functions. Recall that a mea- 
surable structure on a bundle of Banach spaces {E^} over a Lebesgue (= standard 
measure) space {X, fi) is a family 971 of sections (called measurable) a : x ^ G Ex 
such that 

(i) the function x ||crx|| is measurable for any section a G 971; 

(ii) the family 971 is closed under addition, multiplication by measurable scalar 
functions and passing to pointwise limits in the norm topology. 

The couple ({i?2:},97l) is then called a measurable bundle oj Banach spaces over 
(X, ^), see FP88, Chapter II.4], |ADROOI Appendix A. 3]. A measurable bundle 
({£'a;},97t) is separable if there exists a sequence of sections cr" G 971 such that for 
a.e. X G X the sequence {a"} is dense in E^- 

Proposition 2.4. Given a hyperbolic equivalence relation {X, fj,, R, K) , denote 
by dJl — 97l(X, /i, R, K) the space of all measurable functions F : R M. such 
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that for a.e. X E X the function F(x, •) extends to a continuous function on the 
completion [x] . Then 971 is a measurable structure on the bundle of Banach spaces 
{C([x]^^, X G X, and the measurable bundle (|C([a;])},9Jl) is separable. 

Proof. Verification of the conditions from the definition of a measurable struc- 
ture being straightforward, we only have to check the separability. Since the leafwise 
hyperbolic compactifications [x] are completions of the equivalence classes [x] with 
respect to the metrics px l|1.4(l . and these metrics depend on x measurably, the 
functions 

Fn{x,y) = px{y,an{x)) , 
where q;„ are the maps from Proposition 12.11 belong to dJl. For any x E X the 
family of functions {Fn{x,-)} separates points of [x]. By adding to this family 
the constant function and applying the WeierstraB-Stone theorem we obtain the 
claim. □ 

The dual bundle {{E*},VJl*) of a separable measurable bundle {{Ex},^) is 
the bundle of dual Banach spaces E* endowed with the weak* measurable structure 
Tl* which consists of all sections cr* : x a* E E* such that the map x i-^ {ax, cr*} 
is measurable for any section a E DJl, see [ADROOl Lemma A. 3. 7]. 

Returning to the measurable bundle ({C([a;]) }, 971) of leafwise continuous func- 
tions, which is associated with the hyperbolic equivalence relation (X, /i, R, K), no- 
tice that for any space C([x]) its dual is the space M(|x]) of signed Borel measures 
(equipped with the total variation norm) on the completion [x]. Therefore, in view 
of Proposition 12.41 we have a measurable structure 971* on the bundle {Af([x])}. 
Denote by 971* and 97lg the measurable structures induced by 971* on the interior 
subbundle {M{[x])} and the boundary subbundle {M{d[x\)}, respectively. 

Remark 2.5. One can easily check that the splitting of the bundle {M([a;])} 
into the direct sum of the interior and boundary subbundles is measurable in the 
sense that for any measurable section of {m([x])} its interior and boundary parts 
are measurable too. Also, the Hahn decomposition of any measurable section of 
{M([a;])} into the difference of its positive and negative parts is measurable. 

Definition 2.6. Measurable sections of the bundle ({M([a;])}, 971*) (resp., 
of the bundle ({M(9[x])}, 971^,)) are called measurable systems of interior [resp., 
boundary) measures on a hyperbolic equivalence relation {X, /j,, R, K). 



A„(x,?/) = 



2.3. Measurable systems of boundary measures. Since the functions 

1 , y = an{x) , 
, otherwise , 

where a„ are the maps from Proposition l2.1l obviously belong to 971, the measurable 
structure 971* of the interior bundle {M([a;])} consists precisely of those systems of 
measures {A^;} for which Xx{y) is measurable as a function on R. We shall now 
give an explicit description of the measurable structure 97lg of the boundary bundle 
{M{d[x])}. 

Theorem 2.7. The measurable structure 97lg of the boundary bundle consists 
of pointwise weak* limits {in the spaces M(Jx[j, x G X) of sequences of measurable 
sections of the interior bundle {M{[x\)}. 
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Proof. The definition of the dual bundle implies that its measurable structure 
971* is closed with respect to passing to pointwise weak* limits, so that we only 
have to prove that any measurable system of boundary measures A G 9Hg can be 
approximated by a sequence of measurable systems of interior measures A" G 9Jl*. 
In other words, for any boundary measure A^; S M(i9[a;]) we have to construct a 
sequence of interior measures A" € M([a;]) converging to A^;, and to do it in a 
measurable way with respect to x. 

Let us begin with the following observation. Any finite continuous partition of 
unity 

1 = ^<^» 

on a compact space K determines a norm 1 linear map tt from the space M{K) of 
(signed) Borel measures on K to the space M{I) of (signed) measures on the index 
set / by the formula 

(2.8) 7T0it) = {ip,,0) . 

Suppose now that for any x G X and any integer n we have a partition of unity on 
the completion [x] parameterized by the points from the rt-sphere of the leafwise 
graph metric S{x,n) C [x]. These partitions then determine a sequence of maps 
7r„ from Af([a;]) to M{S{x,n)). We shall show that these partitions of unity can 
be constructed measurably with respect to x, and in such a way that 7r„0 —^ 9 for 
any boundary measure 9 G M{d[x\). 

For the moment we fix a point x e X, an integer n > 0, and a real e > 0. Recall 
that the hyperbolic compactification of the equivalence class [x] is its completion 
with respect to the metric (11.4(1 . Now for any s G 5 = S{x,n) define the 
non- negative function fs £ C([a::]) by putting for z € [x] 

Px(z,s) - Pa;{z,S) 



fs{z) = 

Then the functions 

(2.9) V. ^' 



Px{z, s) < px{z, S)+e : 
otherwise . 



form a partition of unity on [x] parameterized by the points s £ 5, and these 
functions have the property that 

(2.10) ^,{z)^0 yze'\x\:p^{z,s)>p^{z,S)+e. 
As it follows from the definition of the metric p^ (11.4(1 . 

(2.11) p,(^,^) = e-'^" W^ed[x], 

where a = 1/15(5. Indeed, px{y,s) > e~"" for any two points y G [x] and s € S, 
so that Px{j, s) > e""". On the other hand, if ^ is a geodesic ray joining x and 7, 
then 

Px{l,an)) = lim p4e(m),e(n)) =6-'^" • 

From now on we shall assume, for the sake of concreteness, that in the above 
construction 
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Then formulas (j2.in(l and H2.11|l imply that 

(2.12) (^,(7) = V7 e d[x\ : ^,(7, s) > 2e-''" . 
Denote now by 

^„ : M{\x\) ^ M{S) 

the map 1)2.8(1 from the space of measures on [a:] to the space of measures on = 
S{x,n) determined by the partition of unity {(/^slses l|2.9l) . Then by (|2.12|) 

(2.13) supp7r„(5.^ C 5'nB2;(7,2e-"') V7 G , 

and the linearity of the maps 7r„ implies the weak* convergence of the sequence 7r„0 
to 6 for any boundary measure 9 g M(d[x\). Obviously, the whole construction is 
measurable in x. □ 

Proposition 2.14. For any measurable system of boundary measures on a 
hyperbolic equivalence relation its continuous and atomic parts are also measurable. 

Proof. In view of Remark |2. 51 it is enough to establish the claim for systems 
of non- negative measures only. For any such system A — {Xx} it is sufficient to 
show that the system A = {Aa:} which consists of maximal weight atoms of the 
measures A^ is also measurable. 

We shall use the approximation of the measures Xx by the interior measures 
TTnXx constructed in the proof of Theorem 12. 71 Let us first notice that, as it follows 
from formulas ()2.11|l and H2.13|> . for any point 7 e d[x] there exists s G S{x, n) such 
that 

(2.15) supp7r„5.^ C S'(x,n) nE^(s,3e-°") . 

Formulas H2.13|l and H2.15|l show that the maximal weight of the measure Aa; can 
be expressed in terms of the measures i^nXx as 

W{x)= lim max (7r„A,)[S,(s,3e-"")] , 

n^oo seS{x,n) 

and, in particular, the function x ^ W{x) is measurable. Let us now denote by A" 
the restriction of the measure TTnA^ to the 3e~""-neighbourhood (in the metric px) 
of the set 

[s G S{x,n) : (7r„A,) [^,(5, 3e-"')] > W{x)] . 

Then for any x & X the sequence A" converges (in the weak* topology) to the mea- 
sure Xx- Since for any n the system of measures {A"} is measurable, by Thcorem l2.7l 
the system A^; is also measurable. □ 

In the situations when the hyperbolic boundaries of different equivalence classes 
can be identified with (a subspace of) the same topological space, the notion of 
measurability introduced above coincides with the "usual" measurability as one 
can easily verify by using Theorem 12. 71 

Example 2.16. Recall that the classes of the orhit equivalence relation Rq of 
a measure class preserving action of a countable group G on a measure space (X, /i) 
are the orbits of the action. Any symmetric generating set A (Z G determines the 
graph structure K = {{x,gx) : x ^ X,g <Z A} on Rq- If the action of G is free 
(mod 0), then the map g 1— > g~^x establishes an isomorphism of the (right) Cayley 
graph of G with a.e. graph [x\. If the group G is in addition word hyperbolic (i.e., 
the Cayley graph {G,A) is hyperbolic), then the orbit equivalence relation Rg is 
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obviously hyperbolic, and the above isomorphism extends to a homeomorphism 
Lpx from the hyperbolic boundary dG of the group G to the hyperbolic boundary 
d[x\ of the equivalence class [x\ for a.e. point x & X. Therefore, in this situation 
M{d[x\) = M{dG) for a.e. x € X , so that the boundary bundle is isomorphic 
to a constant Banach bundle, and Theorem 12.71 implies that the measurability of 
a system of boundary measures A^; G M(9[a;]) in the sense of Definition 12.61 is 
equivalent to the measurability of the map x ^ from X to M{dG). 

Example 2.17. Any simply connected Riemannian manifold M with pinched 
negative sectional curvatures is (5-hyperbolic, and the exponential map at any point 
X & M establishes a homeomorphism between the unit tangent sphere at the point 
X and the hyperbolic boundary of M (in this situation the hyperbolic compactifica- 
tion coincides with the visibility compactification) . Therefore, given a hyperbolic 
Riemannian measurable foliation, the leafwise hyperbolic boundaries are homeo- 
morphic to spheres, and the boundary bundle for the equivalence relation on any 
uniform system of transversals (see Section lT^ is isomorphic to a constant Banach 
bundle. The measurability of a system of boundary measures on this equivalence 
relation is then equivalent to the measurability of the corresponding system of mea- 
sures on the leafwise unit tangent spheres of the foliation. 

Example 2.18. Yet another example when the boundary bundle is isomorphic 
to a constant Banach bundle (more precisely, to a subbundle of a constant bundle) 
is provided by treed equivalence relations (see Ada90 ) for which a.e. graph [x\ is a 
tree. In this case any such tree can be embedded into the universal countable tree. 
Once again, Theorem 12.71 implies that the measurability of a system of boundary 
measures in the sense of Definition 12.61 is equivalent to the measurability of the 
corresponding map from X to the space of boundary measures of the universal 
tree. 

2.4. Invariant systems of boundary measures. 

Definition 2.19. A measurable system A = {^x] of boundary measures on a 
hyperbolic equivalence relation (AT, /x, i?, K) is called invariant if it is a.e. constant, 
i.e., \x — Ay for M-a.e. {x,y) G R. 

Theorem 2.20. If X ^ {^x} is an invariant system of boundary measures on 
a conservative hyperbolic equivalence relation (X, fi, R, K), then a.e. measure is 
supported by at most 2 points. 

Proof. As it follows from the proof of Proposition l2.14l the set X' of all points 
X Cz X with card supp A:e > 3 is measurable, so that without loss of generality we 
may assume that X' — X. Further, again by the proof of Proposition l2 . 141 we may 
change the system A so that the weights of atoms of a.e. measure A^; be strictly less 



The claim is now a straightforward consequence of Proposition 1 1 . 1 (Jl The only 
thing we have to take care of is the measurability of the quasi-barycenter set. In 
order to check it we shall invoke Theorem 12.71 and approximate (in the leafwise 
weak* topology) the system A by a sequence of measurable systems of interior 
measures A" = {A"}. Define the integer valued function on i? as 



than — . 
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where (3z is the distance cocycle (jl.fill . Let Y{x) C [x] be the set of points where 
the function (p{x, •) attains its minimal value, and put 

Z{x) = U Yix') . 

x'£[x] 

Clearly, the set 

{ix,y) : X e X,y £ Z{x)} C R 

is measurable, and by Proposition 11.121 and Proposition 11.161 Z{x) is contained 
in the finite set C(A,x, 8C2) for a.e. x X. Thus, we have a measurable map 
assigning to any point x £ X a finite subset Z{x) of the equivalence class [x], which 
contradicts the conservativity of R. □ 

Definition 2.21. A hyperbolic equivalence relation is elementary if there exists 
a measurable map assigning to a.e. class [x] a finite subset A[x] C d[x], i.e., if the 
system of uniform probability measures on the sets A[x] is an invariant measurable 
system in the sense of Definition 12.61 

In the setup of this definition the map x i— > card A [x] is measurable (see the 
proof of Proposition 12. l4jl . Therefore, if an elementary hyperbolic equivalence re- 
lation is ergodic, then almost all sets A[x] must have the same cardinality. If Q > 1 
is its value, then we shall call the associated system of boundary measures and 
the equivalence relation q- elementary. Note that even if a hyperbolic equivalence 
relation is elementary, a.e. leafwise boundary may well be infinite (see the examples 
below) . Theorem 12.201 implies 

Theorem 2.22. Let (X, fi, R, K) be an ergodic hyperbolic equivalence relation 
which has more than one equivalence class. Then it admits an invariant measurable 
system of boundary probability measures if and only if it belongs to one of the 
following 3 classes: 

(i) {X, 11, R, K) admits a unique invariant measurable system of boundary 
measures which is 1- elementary; 

(ii) {X, 11, R, K) admits a unique invariant measurable system of boundary 
measures which is 2-elementary; 

(iii) {X, fi, R, K) admits two disjoint 1-elementary systems of boundary mea- 
sures, and any invariant system of boundary measures is their convex 
combination. 

2.5. Examples of elementary hyperbolic equivalence relations. We 

shall now give examples of hyperbolic equivalence relations from each of the types 
described in Theorem 12. 2 21 Take a non- elementary word hyperbolic group G, i.e., 
such that its hyperbolic boundary dG consists of at least 3 points (which implies 
that dG is uncountable, see |Gro87p . For instance, one can take for G a non- 
abelian free group. Put 

d^G = dGxdG\ diag - {(71, 72) : l^ e dG, 71 ^ 72} , 
d^G = {(71,72,73) : It e 5G,7, ^ 7j} , 

and, finally, let d^G be the symmetrization of d^G, i.e., the set of unordered pairs 
of elements 71 7^ 72 G dG. 
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Proposition 2.23. The orbit equivalence relation Rg of a free measure class 
preserving action of a word hyperbolic group G on a measure space {X,fi) is 1- 
elementary [resp., 2-elementary) if and only if there exists a measurable G-equiva- 
riant map tt : X ^ dG [resp., tt : X — > d'^G). 

Proof. First notice that the homeomorphisms ifx ■ dG d[x] (see Exam- 
ple I^SJ have the property that (pgx{gj) = ^xi'^) for any g ^ G,^ ^ dG and 
a.e. X € X. Then equivariance of tt imphes that the map x >—>■ tpx ° Tr{x) G d[x] 
is leafwise constant, i.e., Rq is l-elementary. Conversely, if Rq is 1-elementary, 
and X I— > G d[x] is the corresponding leafwise constant map, then the map 

Tr{x) = ip~^ o $(a;) is equivariant. With obvious modifications the same argument 
works in the 2-elenientary case as well. □ 

Let us fix a quasi-invariant probability measure jj, on dG such that the diagonal 
action of G on {d^G,iJ, (8) jj) is ergodic (for instance, the harmonic measure of any 
non-degenerate symmetric random walk on G has this property, see Kai94 ). On 
the other hand, Proposition 11.161 implies that the action of G on d'^G is proper 
(cf. |Gro87l 8.2.K]). Therefore, this action is dissipative with respect to any quasi- 
invariant measure. 

Example 2.24. A hyperbolic equivalence relation with a unique 1-elementary 
system of boundary measures. This is the orbit equivalence relation of the action 
of G on (9G,At). 

Proposition 12.231 applied to the identity map on dG at once provides us with 
a 1-elementary system. In order to prove its uniqueness we have, in view of Theo- 
rem l2.22l to exclude existence of another 1-elementary system of boundary measures 
disjoint with the one we have just constructed. By Proposition 12.231 existence of 
such a system is equivalent to existence of an equivariant map tt : dG — *■ dG such 
that a.e. n{'j) / 7. Such a map tt would allow one to equivariantly embed d^G 
into d'^G by the formula (71,72) 1— (71, 7r(7i), 72), which is impossible because the 
action of G on the space (9^G, (g) ^) is ergodic, whereas its action on d^G (with 
respect to the image of the measure ^m® jjb) must be dissipative. 

Example 2.25. A hyperbolic equivalence relation with a unique system of 
boundary measures which is 2-elementary. This is the orbit equivalence relation 
of the action of G on d'^G (endowed with the image of the measure fj,® n). 

The system in question by Proposition 12.231 corresponds to the identity map 
on d'^G. By Theorem 12.221 in order to prove its uniqueness we have to exclude 
the possibility that this system is the half-sum of two 1-elementary systems, i.e., 
in view of Proposition I2.2t?l that there exists an equivariant map tt : 9-^G — > dG 
with 7r({7i,72}) C {71,72}- Such a map tt would give a G-equivariant measurable 
section of the projection d^G d'^G, which is impossible by the ergodicity of the 
action of G on (9^G, ^® y). 

Example 2.26. A hyperbolic equivalence relation with two 1-elementary sys- 
tems of boundary measures. This is the orbit equivalence relation of the action of 
G on [d'^G.^i® fi). 

2.6. Foliations and equivalence relations. Recall that a foliation T is a 
smooth manifold decomposed into smooth immersed submanifolds (leaves) orga- 
nized in a local product structure (we shall use the same notation !F both for the 
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foliation and for its underlying manifold). In other words, T can be covered by flow 
boxes U = B xT (where B and T are open Euclidean balls) endowed with an addi- 
tional product structure preserved by the transition maps. The sets {x} x T, x G i? 
and B x {t}, t d T are called transversals and plaques, respectively. By J-{x) we 
denote the leaf of the foliation J- passing through a point x. Laminations are de- 
fined in precisely the same way except for allowing the transverse structure to be 
just continuous (rather than smooth), so that for laminations the transversals T 
are just topological spaces (without any smooth structure). However, the difference 
between foliations and laminations is insignificant for us, as we shall always (unless 
otherwise specified) be working in the measure category, and only require measur- 
ability of the transverse structure of J- with respect to a certain quasi-invariant 
transverse measure fi. Wc shall refer to the couple {J-, ^) as a measurable foliation 
(see, for instance, ^S88^ for more details). 

If a measurable foliation {J-, fi) is endowed with a transversely measurable 
leafwise Riemannian structure, we shall call it a (leafwise) Riemannian measurable 
foliation. We shall say that {!F, /x) is hyperbolic if /i-a.e. leaf is (5-hyperbolic (with 
respect to its Riemannian metric). A particular case is the situation when a.e. leaf 
of ^ is a simply connected manifold with pinched negative sectional curvatures. In 
this case measurable systems of boundary measures can be defined as measurable 
systems of measures on leafwise unit tangent spheres (by identifying the latter with 
the leafwise hyperbolic= visibility boundaries via the leafwise exponential maps). In 
the general situation one could apply the approach used for hyperbolic equivalence 
relations in Section and Section VT^ However, since we are only interested in 
invariant systems of boundary measures, we shall spare tedious technical details by 
reducing foliations to equivalence relations on appropriate systems of transversals 
(such a reduction goes back to Plante |Pla75| and Bowen |Bow77j ). 

Definition 2.27. A system T = {Ti} of transversals of a Riemannian measur- 
able foliation J- is uniform if 

(i) For any r > the number of points from T in a.e. leafwise ball of radius 
r is uniformly bounded by a constant C — C{r); 

(ii) The intersection of T with a.e. leaf of T is non-empty, and there exists a 
constant A > such that for any point x of a.e. leaf its leafwise distance 
to J-{x) n T does not exceed A. 

A foliation is uniform if it admits a uniform system of transversals. 

Compactness considerations immediately imply 

Proposition 2.28. Any Riemannian measurable foliation admitting a compact 
underlying space is uniform. 

Let now {J-, fi) be a uniform Riemannian measurable foliation with a uniform 
system of transversals T. Denote hy Ry^ the induced equivalence relation on T (two 
points are i?jr-equivalent iff they belong to the same leaf of !F). Then the restriction 
/iT" of the measure to T is i?jF-quasi- invariant in the sense of Section f2.1l Consider 
on Ryr the graph structure 

K^{{x,y) G : d{x,y) < 3A} , 

where d denotes the leafwise Riemannian metric, and A = A{T) is the constant 
from Definition 12.271 Then one can easily see that the leafwise graph metrics 
are roughly isometric to the leafwise Riemannian metrics, so that, in particular. 
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if T is hyperbolic, then the graphed equivalence relation {T ^ ^lt ^ Rj^ , K) is also 
hyperbolic, and the leafwise hyperbolic boundaries with respect to the Riemannian 
and the graph metrics coincide (e.g., see |GdlH90l Proposition 7.14]). 

Proposition 2.29. An invariant system of boundary measures on a hyperbolic 
foliation which is measurable with respect to one uniform system of transversals is 
also measurable with respect to any other uniform system of transversals. 

Proof. Let T and T be two uniform systems of transversals, and let A be 
a measurable invariant system of boundary measures of the equivalence relation 
(T, Rj^). By Theorem l2.7l we may realize A as the weak* leafwise limit of measurable 
systems A" = {A"} of interior measures of {T,Ryr). We shall need the following 
"transition maps" allowing one to pass from measures on T to measures on T and 
back in a measurable way: denote hy ax, x G T the probability measure uniformly 
distributed on the set of points from T nearest to x in the leafwise metric of the leaf 
.^-'(a;), and by a^, x € T the probability measure uniformly distributed on the set 
of points from T nearest to x. By the definition of a uniform system of transversals 
the support of any measure lies within a uniformly bounded distance from x, 
and the same property holds for the measures c% as well. Obviously, both maps 
X 1-^ ax and x i—^ a-x are measurable. By using the measures ax and Ox one can 
pass from the sequence A" to the sequence A" of measurable systems of interior 
measures of the equivalence relation (T, defined as 

Since the measures A" converge in the weak* topology to a leafwise constant limit, 
the measures A^ also converge to the same limit, which is therefore measurable with 
respect to the system of transversals T. □ 

By using the above Proposition, we can now define an invariant measurable 
system of boundary measures of a uniform hyperbolic foliation as an invariant 
measurable system of boundary measures of any uniform system of transversals. 
Theorem l2.20l and Theorem 12.221 then imply 

Theorem 2.30. If X ^ {-^x} is an invariant measurable system of boundary 
measures on a uniform conservative hyperbolic foliation (J-',fj,), then a.e. measure 
Xx is supported by at most 2 points. 

Theorem 2.31. Let {T,^) be a uniform ergodic hyperbolic foliation which has 
more than one leaf. Then it admits an invariant measurable system of boundary 
probability measures if and only if it belongs to one of the following 3 classes: 

(i) {!F, /z) admits a unique invariant measurable system of boundary measures 
which is 1- elementary; 

(ii) (J-', ii) admits a unique invariant measurable system of boundary measures 
which is 2-elementary; 

(iii) {J- , /i) admits two disjoint 1-elementary invariant measurable systems of 
boundary measures, and any invariant measurable system of boundary 
measures is their convex combination. 

Examples of foliations from each of the classes described in Theorem 12.311 can 
be constructed along the same lines as in Section 
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3. Amenability 

3.1. Groups. The class of amenable groups is a natural generalization of the 
class of finite groups. We shall remind just two definitions of amenability of a 
locally compact group G (among a host of other definitions, see |Gre69| . |Pat88| . 
|Pie84| V The Reiter condition 

, ^, There exists an approximatively invariant sequence of probability 

^ ■ ' measures on G, i.e., such that \\g9n — 6'„|| for any g G G. 

by its constructiveness is very useful for verifying amenability of a given group, 
whereas, on the contrary, the fixed point condition 

, Any continuous affine action of G on a compact space has a fixed 

^ ■ ' point. 

is the one which is most useful for applications of amenability. For instance, the 
fixed point condition implies at once that any continuous action of an amenable 
group on a compact space has an invariant measure. 

We shall illustrate how these two definitions work together on the example of 
the following result. Recall that a group of isometrics of a hyperbolic space X is 
called elementary if it either is compact or fixes a finite subset of dX (actually, if 
in the latter case the fixed set contains more than 2 points, then the group fixes 
also a compact subset of X, and therefore is compact, see Proposition II . 1 8fl . 

Theorem 3.3. A closed subgroup G of the group of isometrics of an exponen- 
tially bounded hyperbolic space X is amenable if and only if it is elementary. 

Proof. If G is amenable, then by the fixed point property (|3.2|l it has an 
invariant probability measure A on dX . If A does not have atoms of weight at least 

- , then by Proposition 11.181 its quasi-barycenter set is compact and fixed by G 

together with the measure A. Otherwise, G fixes the set of maximal weight atoms 
of the measure A which consists either of 1 or of 2 points. 

Conversely, if G is compact, then it is obviously amenable. Otherwise, if G 
fixes a point 7 g dX, take a point o £ X and put On = A„(o,7), where A„ are the 
maps from Theorem II. 331 Then 

\\9On - = \\gXn{o,j) - A„(o,7)|| = ||A„(go,7) - A„(o,7)|| , 

so that Reiter's condition l|3.1|l is satisfied. If the fixed set of G consists of two 
points {71,72}, then just take 0„ = [A„(o, 71) + A„(o, 72)] /2. □ 

This result is classical for the constant curvature spaces (i.e., for Kleinian 
groups), and, of course, should be of no surprise in the stated generality either, 
although I could not find it in the literature in an explicit form. For the case of 
a group with a finite critical exponent acting on a CAT(— 1) space it is proved in 
|BM96I Corollary 2.5] (also see |BS87j and |AB98j for properties of amenable 
groups of isometries of CAT(O) spaces); note that the assumption of exponential 
boundedness of the space X in Theorem 13.31 is essential (see Section 13.51 for the 
corresponding counterexamples). 

However, the main reason for giving this proof is that it contains the key 
geometric ingredients of the relationship between amenability and hyperbolicity, 
namely, boundary convergence of geodesies (essentially equivalent to Theorem ll.33|l 
and existence of quasi-barycenter sets, as illustrated by the following diagram: 
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Amenability 





Reiter's condition 



Fixed point property 



Boundary maps 



Invariant boundary measure 





Elementarity 



The notion of amenability can also be defined for a number of objects other 
than groups: discrete equivalence relations, foliations, groups actions, see ZimTSj, 
|C^fW8l| . IHEHZl, |Ada92| . |AEti94| . Kai97 for various definitions. All these 
definitions can be put into the general framework of amenability for measured 
groupoids, see jADROO) . [CHLI02 . We shall refer the reader to the aforemen- 
tioned references for precise definitions; note that in all these cases it is possible to 
give (equivalent) definitions of amenability both in terms of approximatively invari- 
ant sequences of probability measures (analogous to the Reiter condition ; we 
shall briefly mention these definitions when dealing with the corresponding classes 
of objects) and in terms of an appropriate fixed point property (analogous to con- 
dition lES). 

We shall now proceed to establish analogues of Theorem 13.31 for these objects 
by taking stock of the results from Section and Section [3 and following precisely 
the same scheme: amenability by the fixed point property implies existence of 
an invariant system of boundary measures, and therefore elementarity; whereas 
elementarity by virtue of Theorem 11.331 leads to existence of an approximatively 
invariant sequence of probability measures, i.e., to amenability. 

3.2. Equivalence relations. 

Theorem 3.4. A conservative hyperbolic equivalence relation with uniformly 
bounded vertex degrees is amenable if and only if it is elementary. 

Proof. If the equivalence relation is amenable, then the fixed point property 
applied to the Banach bundle of leafwise boundary measures implies existence of an 
invariant measurable system of boundary measures, see |ADR00l Theorem 4.2.7] 
(based on the original argument from |Zim77p . which by Theorem I2.2UI implies 
that the equivalence relation is elementary. 

For proving the converse implication we have to construct a sequence of mea- 
surable maps A„ assigning to a.e. point x from the state space of the equivalence 
relation a probability measure on the equivalence class [x], and such that for a.e. 
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pair of equivalent points {x, y) 

(3.5) ||A„(a:)-A„(y)|| -.0 

(this is the analogue of the Reiter condition for equivalence relations). 

The only point which needs an explanation here is the measurability of the ap- 
proximatively invariant sequences of measures obtained in Theoreni ll.331 It would 
follow from the existence of a measurable family of leafwise tempered measures. Un- 
der the assumption of uniform boundedness of vertex degrees the leafwise counting 
measures are obviously tempered. □ 

Remark 3.6. S. Adams 'Ada90' proved that a treed equivalence relation with 
a finite invariant measure is amenable if and only if a.e. tree has at most 2 ends. 
It is plausible that the same is true for hyperbolic equivalence relations as well, 
namely, that for a hyperbolic equivalence relation with a finite invariant measure 
the hyperbolic boundary of a.e. leaf has at most 2 points. 

Remark 3.7. It is well-known that if a graphed equivalence relation has subex- 
ponential growth (i.e., [card B(x,n)]i/" ^ 1 for a.e. X G X, where B{x,n) are the 
balls in the leafwise graph metrics), then it is amenable, e.g., see |AL91I Propo- 
sition 3.3]. Since the sequences of leafwise balls centered at any two equivalent 
points are obviously sandwiched, Lemma ll.35l Drovides a direct "constructive" way 
of proving this fact, and this Lemma can also be used in numerous other arguments 
deducing amenability from subexponentiality in various contexts, see AVS57 , 
|Gre69| . |Ser79| . Sam79 , ADROO], |dlHGC99| . However, in Theorem [Q^ 
Lemma 11.351 is used in a somewhat different situation, where the sandwiched se- 
quences of sets are not metric balls. 

Remark 3.8. The boundary maps provided by Theorem 11.331 do not depend 
on the measure on the state space of the equivalence relation, so that in fact the 
argument in the proof of Theorem 13 . 41 shows amenability of elementary hyperbolic 
equivalence relations even in the Borel (rather than measure) category (cf. the 
discussion of definitions of amenable action in various categories in Section [3. 4|) . 

3.3. Foliations. In view of the discussion in Section 12.61 measurable folia- 
tions can be dealt with in precisely the same way as equivalence relations (by 
using Theorem ll.331 and Theorem l2.31|l . Once again, one of equivalent definitions 
of amenability amounts to existence of an approximatively invariant sequences of 
measures (13.5(1 (note that there is also a somewhat different notion of amenable 
foliation meaning that its fundamental groupoid is amenable, see the instructive 
discussion in CHLI02 ). 

Theorem 3.9. A uniform conservative hyperbolic foliation is amenable if and 
only if it is elementary. 

Corollary 3.10. A hyperbolic foliation admitting a compact underlying space 
is amenable if and only if it is elementary. 

Example 3.11. Let T he a. foliation with simply connected leaves of pinched 
negative sectional curvature. Denote by SJ^ the associated stable extension. This 
is the foliation whose underlying space consists of leafwise unit tangent vectors 
of J-, and the leaves consist of tangent vectors from the same leaf of T pointing 
at the same point at infinity. Then the foliation SJ- is obviously elementary, so 
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that it is amenable with respect to any quasi-invariant transverse measure. This 
result is a generalization of the well-known amenability of the stable foliation of 
the geodesic flow, see "HowTT". Yet another example of elementary hyperbolic 
foliations is provided by foliations and laminations with pointed at infinity leaves 
arising in conformal dynamics KLOj. 

Remark 3.12. The construction of the stable extension can also be applied to 
an arbitrary hyperbolic foliation (not necessarily with Cartan-Hadamard leaves), 
in which case we shall call it the boundary extension. The underlying space of the 
boundary extension consists of the pairs (x, 7), where a; is a point of the underlying 
space of the original foliation, and 7 is a point of the hyperbolic boundary of the 
leaf of X. The leaves of the boundary extension consist of all pairs (x,7) with the 
same 7. The boundary extension is elementary and therefore amenable. 

3.4. Group actions. Let G be a locally compact group with a measure type 
preserving action on a measure space {X,fi). The "Rcitcr type" definition of 
amenability of this action requires existence of a sequence of measurable maps 
A„ : X — > ViG) which are approximatively equivariant in the sense that 

(3.13) \\Xn{gx) ~ gX^{x)\\ 

for all g G G and /i-a.e. x G X. There are several modifications of this defini- 
tion. In particular, a Borel action of a locally compact group G on a Borel space 
X is called universally amenable Ada96j (other terms: measurewise amenable 
[ADROO] . measure- amenable (.TKL02_ ) if it is amenable for any quasi- invariant 
measure ^ on X. If, moreover, X is a topological space, and the action of G on X 
is continuous, then the action is called topologically amenable if the convergence in 
l|3.13|l is uniform on compact subsets oi G x X. 

Theorem 3.14. An ergodic action of a word hyperbolic group G on a measure 
space {X, fj,) is amenable if and only if it factorizes through the action of G either 
on the hyperbolic boundary dG, or on its symmetric square d^G. 

Proof. The amenability of the action of G on dG or on d^G is well-known 
(see Remark l3 . 1 61 below 1 and follows at once from Theorem 11.331 Therefore, any 
action which factorizes through dG or d^G is also amenable. 

Conversely, amenability of the action on the space (X, /i) by the fixed point 
property applied to the Banach bundle of boundary measures implies existence of 
an equivariant measurable map from X to the space of probability measures on dG 
(in precisely the same way as in the proof of Theorem 13.4(1 . By ergodicity we may 
assume that either these measures are a.e. purely non-atomic, or that almost all of 
them are equidistributed on a set of atoms whose cardinality is a.e. the same. In 
the first case, or if the number of atoms exceeds 2, we obtain by Proposition II. 181 
an equivariant map from X to the space of finite subsets of G, which means that 
the action on X is dissipative, and therefore is confined to a single orbit. Otherwise 
we have the sought for equivariant projection from X to dG or d'^G. □ 

Theorem 3.15. Let G be a closed subgroup of the group of isometrics of an 
exponentially bounded hyperbolic space X. Then the action of G on the hyperbolic 
boundary dX is topologically amenable. 
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Proof. A sequence of approximatively invariant measures for this action is 
provided by Theorem lO^ Indeed, let Xn : X x dX V{X) be the Iso(A:')- 
equivariant maps constructed in Theorem ll.331 Choose a reference point o E X , and 
put A„(7) = A„(o, 7) for any g & G and 7 e dX. Then the maps A„ : dX ViX) 
are approximatively equivariant, because 

l!A„(57) -5A„(7)II \\K{o,gi) - \i{go,g-i)\\ ^0 

for any g £ G and 7 G dX uniformly on compacts, see Remark 11.411 Since the 
action of G on A" is proper, there exists an equivariant Borel lift V{X) — > 'P{G) 
(e.g., see [ADROOl Proposition 2.1.10]). Applying it to the sequence A„ gives an 
approximatively equivariant sequence of maps from dX to V{G). □ 

Remark 3.16. The action of the group SL{2, Z) on the circle at infinity of the 
hyperbolic plane was the first example of an amenable action of a non-amenable 
group |Bow77j . |Ver78| . Since then amenability of boundary actions was estab- 
lished in a number of other situations Spa87 , |SZ91| . |Ada94| : the most general 
result being universal amenability of the boundary action of the group of isometries 
of an exponentially bounded hyperbolic space |Ada96| . In the particular case of 
the boundary action of a word hyperbolic group the arguments of Adams were re- 
cently simplified by Germain |GerOOj . who proved topological amenability of this 
action. However, the approach based on using Theorem II .331 and Lemma |l.35l is 
more streamlined even in this case. 

In the CAT(— 1) case replacing Theorem II .331 with Theorem II .381 in the proof 
of Theorem 13 . 1 51 vields 

Theorem 3.17. Let G be a closed subgroup of the group of isometries of a hy- 
perbolic space X with finite critical exponent. Then the action ofG on the hyperbolic 
boundary dX is topologically amenable. 

Remark 3.18. Burger and Mozes in BM96| Corollary 1.4] stopped short 
of saying that under the assumptions of Theorem 13.171 the action of G on dX is 
amenable with respect to any Patterson measure (although they basically proved 
that). Moreover, they also made the first step to establishing universal amenability 
of the boundary action by showing that the stabilizer of any boundary point is 
amenable (which is a necessary condition for universal amenability of the action, 
see |Ada92| ). 

Remark 3.19. As we shall see in Section rTHl below, without any assumptions 
on the growth of the space X Theorem 13.151 and Theorem 13 . 1 71 may fail even in the 
weakest form of amenability of the action with respect to a given quasi-invariant 
boundary measure, which answers a question formulated by Adams in |Ada96| . 

3.5. Counterexamples to boundary amenability. As it was pointed out 
by Burger and Mozes in (BM96) (Remark after Proposition 1.6; in our notations 
X{oo) = dX), 

The product X = [0, 00) x with Riemannian metric (dt)^H-e~^* ^"^J , 
where H'^ denotes the upper half-plane, is a CAT(— 1) space on which 
S'L(2, R) acts isometrically, fixing a point in X{oo). 

Note that the metric on X is obtained from the hyperbolic metric on in precisely 
the same way as the hyperbolic metric on (a horoball in) is obtained from 
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the Euclidean metric on M, i.e., by exponential rescaling in the vertical direction. 
In fact, this example is a particular case of the following general hyperbolization 
construction (cf. 'KLOl ). This construction resembles that of a K-cone over a 
metric space (e.g., see BH99 ). 

Proposition 3.20. For a complete CAT(O) space Y put X = RxY, and define 
the metric dx on X by putting for any two points (ti, j/i), (^2, 2/2) G X 

(3.21) dx{{ti,yi),{t2,y2)) - ((ti, 0), (^2, ^2))) , 

where dy is the metric on Y , and d^2 is the metric 

ds^ = dt^ + e~^*df 

on the hyperbolic plane = R x R realized in the upper half-plane model with 
logarithmic rescaling of the vertical coordinate. Then dx is a complete metric on 
X, the space X is CAT(— 1) with respect to this metric, and the boundary dX of 
the hyperbolic compactification of X is the union Y U {io}, where uj is the common 
limit point of vertical geodesic rays [0, 00) x {y}, y ^ Y in X directed upwards. 
The point of dX corresponding to a point y £ Y is the limit point of the directed 
downwards vertical geodesic ray [0, — 00) x {y}. If Y is non-compact, then dX is 
homeomorphic to the one-point compactification of Y , and if Y is compact, then 
dY is homeomorphic to the disjoint union ofY andcu. 

Definition 3.22. We shall call the CAT(-l) space {X, dx) = {HY, dnv) con- 
structed in Proposition 13 . 201 the hyperbolization of the CAT(O) space (F, dy). 

Proof of Proposition 13.201 The verification of the triangle inequality for 
dx using formula l|3.21|l is straightforward. Completeness of the metric dx is obvi- 
ous. Further, the space {X, dx) is geodesic, and the (unique) geodesic ^ joining two 
points (ti, yi) and (^2, 2/2) is the image of the geodesic joining the points (ti, 0) and 
(<2, rfy (yi, 2/2)) in under the natural isometry between the strip Rx [0, dy{yi, 1/2)] 
in and the "curtain" R x ^ in AT over the geodesic ^ joining yi and ?/2 in Y . 
In order to check the CAT(— 1) property let us consider a geodesic triangle 
= [(^Oj yo)j (^ii yi)j (^2, 2/2)] in X. It is more convenient to construct a com- 
parison triangle for Ax in the 3-dimensional hyperbolic space H'^ rather than 
in the 2-dimensional hyperbolic plane H^, and to use the fact that H^^ is ob- 
tained from the Euclidean plane in precisely the same way as X is obtained 
from Y. Let Aga = [zq,zi,Z2\ be the comparison triangle in for the trian- 
gle Ay = [2/0,2/112/2] in Y. Then the definition of the distance dx implies that 
= [(^0, zq), {ti, zi), (^2, Z2)] is a comparison triangle for Ax- Now take points 
(i-,2/0i * = li2, on the sides [(^o, 2/0), (^i, 2/0] of the triangle Ax, and denote by 
(t^,z'j) the corresponding points on the sides of the comparison triangle Ajj3- By 
the above description of the geodesies in X the "heights" t[ remain the same, and 
dyiyoTy'i) — d'E'iizoT z[). Therefore the CAT(O) property of the space Y and the 
definition of the metric dx imply that 

dx((ii,2/'i), (4.2/2)) < c^H3((ii,2i)>(4:4)) • 
The description of the hyperbolic boundary dX easily follows from the above 
description of the geodesies in A. □ 

Proposition l3.20l now allows one to obtain examples showing that Theorem l3.3l 
Theorem 13.151 and Theorem 13.171 may well fail without any bounded geometry 
assumptions on the space or on the group. 
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Proposition 3.23. Let Y be any CAT(O) space with a non-amenable closed 
group of isometrics G, and let X = HY be its hyperbolization as described in 
Provosition 15*. 1^01 Then the group G acting on X as g{t,y) — {t,gy) is also closed 
in l8o{X), and it fixes the point lo G dX . Therefore, 

• The group G is elementary with respect to the space X and non-amenable; 

• The action of the group G on dX is non-amenable with respect to the 
invariant measure concentrated at the fixed point to. 

In order to obtain more concrete examples one can take Y to be, for instance, 
the hyperbolic plane (as did Burger and Mozes; actually they took just the horoball 
in TCH^ centered at the point uj rather than the whole space TiH^), or the Cay ley 
1-complex of the free group. Still, it would be interesting to have examples of 
non-amenable actions with respect to a non-atomic boundary measure. 
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